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Nonclassical Dense Gas Flows for Simple Geometries

Brady P. Brown*
Krispin Technologies, Inc., Rockville, Maryland 20850-4304

and

Brian M. Argrow’
University of Colorado, Boulder, Colorado 80309-0429

Two-dimensional shock wave reflection and refraction phenomena for dense gases in the high pressure and
density region near the thermodynamic critical point are compared and contrasted to shock phenomena over
well-known configurations for dilute, perfect gases. Both transient and steady wave fields are simulated using a
time-accurate, predictor-corrector total variationdiminishingscheme thatsolves the Euler equationsincorporating
the vander Waals thermodynamicmodel. Detailed displays of wave field structure for both perfect gas and dense gas
flowfields are shown. Nonclassical wave phenomena, such as disintegrating shocks, expansion shocks, and shock-
fan composite waves for wedges, ramps, circular arcs, and other geometries, demonstrate significant differences

in dense gas flowfields from those of perfect gases.

Nomenclature

= speed of sound
= van der Waals force parameter
= specific heat at constant volume
= streamwise flux vector
= specific internal energy
= transverse flux vector
= temperature exponent
= pressure
= conservative vector
= gas constant
= specific entropy
= temperature
=time
= specific volume
= streamwise spatial coordinate
= transverse spatial coordinate
. = critical compressibility
= van der Waals covolume parameter
= fundamental derivative of gas dynamics
= ratio of specific heats
=R/c,
= turn angle
= density
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Subscripts

= critical point

= incident shock wave
=ramp wall value

= wedge wall value

= reference value

= freestream value

= nondimensional
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Introduction

OME heavy fluids may exhibit nonclassical phenomena in
the single-phase vapor region near the thermodynamic criti-
cal point, i.e., the dense gas region.!"> Cramer® refers to these as
BZT fluids to acknowledge the research contributions of Bethe,*
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Zel’dovich,’ and Thompson.® Some of these fluids are currentlyused
as heat transfer fluids and are characterized by large molecules with
correspondinglylarge specific heats. Nonclassical flows of BZT flu-
ids resultfrom the nonmonotonevariationof the Mach number with
respectto density*7*® In a nonclassicalflow, the second law of ther-
modynamics requires that compression shock waves cannot form,
and if a compression shock enters the nonclassical region, it must
disintegrate into a compression fan. Conversely, expansion waves
may coalesce into expansion shock waves. Many in the aerospace
field may find the dynamics of dense gases initially counterintu-
itive. For those, the present paper may serve as an introduction to
nonclassical,dense gas flow phenomena.

Heavy fluids are currently used in a number of engineering appli-
cations such as heavy gas wind tunnels and organic Rankine cycle
engines. For wind-tunnelapplications,heavy fluids are used to pro-
duce relatively high-Reynolds-numberflows with reduced plenum
pressure, compared to lighter gases. References 7-13 present dis-
cussions of nozzles and wind-tunnel flows using dense gas models.
Some turbomachinary designs take advantage of the high heat ca-
pacity of heavy fluids but evidently do not take advantage of non-
classical phenomena.!*: 1

Recent investigations of transonic aerodynamics for nonclassi-
cal flows show a substantial delay of the onset of supersonic flow
over an airfoil with a corresponding increase in the critical Mach
number.'®'7 Inviscid simulations of turbine cascade flows show im-
proved efficiency for nonclassical flows through turbine cascades
and channels.'®?° This improved efficiency results from the reduc-
tion in strength or complete disintegration of compression shock
waves, thus reducing wave drag.

The anomalous behavior of BZT fluids is explained through
the second law of thermodynamics coupled with elementary shock
theory.* The relationship between the entropy change and specific
volume across a weak shock is written

8’p

(),

where (32 p/dv?), measures the concavity of anisentrope. For dilute
gases far from the critical point, we have condition 1,
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requiring Av <0 to satisfy the second law. For thermodynamic
regions where the concavity of the isentropes is reversed, condi-
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so that the specific volume v must increase across the shock wave to
have a correspondingincrease in As. This indicates that expansion
waves will steepen into shocks and compression waves will spread
into fans, i.e., the reverse behavior of flows having condition 1.

Using the van der Waals gas model, Bethe* and Zel’dovich® were
the first to demonstrate thermodynamic regions that meet condition
2. Thompson® apparently was the first to recognize the importance
of the sign of the single parameter I' that governs the nonlinear
dynamics of gases and called it the fundamental derivative of gas
dynamics:

2
(@) /@) o
PARNCIEN v/, a\dp/,
written here in nondimensional form. For convenience, the overbar
is dropped from here forward. As indicated by the second formu-
lation of Eq. (2), the fundamental derivative describes the rate of
change of the convected speed of sound with density for a simple
wave. For fluids having condition 1, I > 0 because the denominator
in Eq. (2) (3p/dv), <0 everywhere from the requirement of ther-
modynamic stability. The gas dynamics for the I > 0 region is said
to exhibit positive nonlinearity. Negative nonlinearity occurs in the
thermodynamic region where I' < 0 because the curvature of the
isentropesis reversed, i.e., condition 2. An example of an isentrope
inflection and the corresponding I' < O region is evidentin the p-v
diagram in Fig. 1. Thus, a fluid whose thermodynamic condition
lies below the I' =0 line can exhibit flows where discontinuities
exist as expansion shocks and compression waves spread as fans.
Also, as indicated by the second formulation of Eq. (2), the speed
of sound a necessarily increases in the I' < 0 region as the density
p decreases. Thus, with the present terminology a dense gas refers
to a fluid that exhibits a single-phase vapor region with I"' <0, i.e.,
the vapor phase of a BZT fluid.

Whethera fluidis predictedto havea I" < O regionabove the satu-
rationcurvedependson the molecularweight and specific heatof the
fluid in conjunctionwith the gas modelused. Using several gas mod-
els, Thompson and Lambrakis' analytically show specific examples
of hydrocarbons and fluorocarbons in which negative nonlinearity
may be observed in the vapor phase. Cramer?® confirms these find-
ings and extendsthe list of BZT fluids to several other commercially
available fluorocarbons.

The only experimental attempt to show single-phase,nonclassical
dense gas phenomena s reported by Borisov et al.,2! who observed
what was believed to be expansionshocksin trifluorochloromethane
(CCI1F;, Freon-13). However, their findings are questioned because
simple calculationsshow that Freon-13is not a BZT fluid, even with
the van der Waals gas model, which overestimates the size of the
I' <O region.

As the preceding discussion indicates, most recent studies of the
nonclassical gas dynamics of BZT fluids are primarily computa-
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Fig. 1 Van der Waals model; p-v diagram showing the saturation
curve, constant I" contours, and two isentropes that pass through the
I"< 0 region.

tional. This includes recent shock tube simulations of transient, one-
dimensional dense gas wave fields by Argrow?? and transient two-
dimensional shock tube flows over various geometries by Brown
and Argrow.? The work presented here is a continuation of this
research to explore transient and steady dense gas flows for simple
geometries. A goal of this researchis the utilization of nonclassical
aerodynamics in engineering applications, particularly for turbo-
machinary.

Steady and unsteady shock wave reflection phenomenainvolving
simple geometries for dilute, perfect gases are well documented. In
contrast,due to the complexity of the state equations for dense gases,
wave interactionsin the dense gas regime are often not as intuitively
predictable or understandable. Shock wave reflections in the dense
gas regime can differ from those of a perfect gas because I' may
become negative in some regions of the flow. Because the region of
negative nonlinearity is restricted to a finite range of temperatures
and pressures, waves interactingwith other waves or boundariesmay
cause [" to change sign, resulting in regions of mixed nonlinearity.

The purpose of the present study is to demonstrate, through sim-
ulation and analyses of selected cases, some dense gas phenomena
that may occurin nonclassical aero-gas dynamics. The presentation
consists of a computational comparison of perfect gas and dense
gas wave fields for two-dimensionalunsteady and steady flows over
simple geometries. A two-step total variational diminishing (TVD)
scheme is used to solve the time-dependent, two-dimensional Euler
equationsof a van der Waals gas. Steady flow solutions are obtained
in the conventional asymptotic limit of large time with steady flow
boundary conditions. The wave field simulations include moving
shocksincidentupon geometries such as ramps and steps and steady
flows over similar geometries.

Governing Equations and Numerical Method
The thermal equation of state is that of a van der Waals gas,

p =I[pRT/(1 —bp)] — ap’ 3)

where o and b are the well-known van der Waals constants. The
caloric state equation is

e=e¢ +c,T —ap 4)

where e is a reference value. For a van der Waals gas, the specific
heatc,(T) is simply the value in the dilute gas limit. The advantage
of the van der Waals formulation is that it provides a model that is
easily implementedinto a numerical scheme and is computationally
inexpensive compared with more complex gas models. Thus, it is
used more for its simplicity than accuracy and is well suited to model
the qualitative structure of dense gas wave fields.

Equations (3) and (4) can be written in reduced-variableform by
nondimensionalizingp, p, and T by their values at the critical point
and by naturally setting the compressibility factor at the critical
pointZ. = (p/pRT). = % so that

85T
p=—L" 35 5)

3-p
¢=(e—eq)/RT.=(T/8) - 2p 6)

The overbarindicatesnondimensionalvariables,and § = R /c,. Note
that the free parameters @ and b have been eliminated. This indicates
that all fluids satisfy the same state equation when reduced variables
are used, which satisfies the principle of corresponding states, e.g.,
see Ref. 24. The variable specific heat is represented over the finite
temperature range of interest by

& (T) =¢,(DT" (N

wheren = 0.45 is generallyrepresentativeof heavy fluorocarbons.!

The compressible, inviscid flow is simulated by numerical solu-
tion of the two-dimensional, time-dependent Euler equations
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where the conservativestate vector Q and the Cartesian flux vectors

E and F are nondimensionalized with respect to the critical point
values of the primitive variables.??
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A predictor-corrector, TVD (PCTVD) scheme based on the
Davis-Roe flux-limited method? is used to solve the nonlinearhy-
perbolic system in Eq. (8). This scheme is a conservative, pseudo
finite volume method that is formally second-orderaccuratein time
and space. The scheme is applied to the conservative system just
as with a perfect gas, except the van der Waals equations of state,
Eqgs. (5) and (6), are employed. Four permutations of the predictor-
corrector sequence are used to eliminate directional bias because
the flowfields involve waves moving and interacting in several dif-
ferent directions. Reflective (solid wall) boundary conditions are
implemented on the upper and lower boundaries for both transient
and steady cases. For steady flows, the left boundary is treated as
a uniform supersonic inflow and the right boundary as a super-
sonic outflow. For transient flowfields with moving shocks, the right
boundary is solid, whereas conditions at the left boundary are set
to the postshock values found from the Rankine-Hugoniot jump
conditions. A complex, subsonic inflow condition is avoided by not
allowing interior disturbancesto reach the left boundary. Brown and
Argrow? present a detailed error analysis of the PCTVD scheme.
Their analysisincludes a comparison to experimental interferogram
data and a grid resolution and convergence study. Additional details
of the PCTVD scheme applied to nonclassical flow simulations are
presented in Refs. 13 and 22.

Results

Initial conditions for the transient cases are in Table 1, and
freestreamconditionsfor the steady flow cases are in Table 2. For the
transientcases computed using the perfect gas model, initial condi-
tions are normalized with valuesupstreamof the shock for a gas with
y= % The case with y = %, shown subsequently, is an exception.
Transient cases in the dense gas regime computed from the van der
Waals model are normalized with critical point values. For steady
flows, pressure p and density p are normalized to the freestream
conditions for the perfect gas cases and to the critical point values
for the dense gas cases. All dense gas cases use § = 0.0125, which
is representative of heavy fluorocarbons.

InFigs. 2-15 wave fields for the density p are shown by isopycnic
contours superimposed on a gray scale. Darker shades correspond
to higher densities, as is evident in the scale plot of normalized den-
sity to the right of each figure. Densities for the perfect gas cases
are normalized to the density upstream of the shock p; for transient
cases and the freestream value p,, for steady cases. Densities for
the dense gas cases are normalized to the critical point value p,.
The 20 contours are equally incremented between the highest and
lowest values of density present in the wave field. Velocity vectors
are also superimposed. The orientation and relative length of each
arrow represents the direction and relative speed, respectively, of
the fluid located at the tail of the arrow. For the dense gas cases,
solid-white contours depict the I' = 0 lines, whereas dashed-white
contours correspond to a I' < 0 value to indicate the negative I re-
gions. Note thatin most of the following comparisons of perfect gas
and dense gas flowfields the incidentand freestream Mach numbers
are different. This is because the nonclassical flow regime is limited
to transonic and low-subsonic Mach numbers 2

Table 1 Initial conditions for transient cases

Case 123 12z vy its D1 £l vy it

TP1 1.64 1.34  0.75 0.40 1.00 1.00 1.00  0.00
TP2 12.16  3.06 0.33 2.74 1.00 1.00 1.00  0.00
TD1 098 0.80 1.25 0.14 0.89 0.56 1.79  0.00
TD2 098 0.62 1.61 —-0.14 1.09 0.88 1.14  0.00
TD3 1.01 0.85 1.18 0.64 058 028 3.57 0.00

Table2 Freestream conditions for steady cases

Case Poc Poo Voo
SP1 1.00 1.00 1.00
SD1 1.09 0.88 1.14
SD2 0.98 0.62 1.61

elp,
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Fig.2 Single Mach reflection for a perfect gas; M; =1.23, 6,, = 30 deg,
TP1 conditions.
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Fig.3 Dense gas compression fan incident upon a 6,, = 30 deg wedge;
TD1 conditions.
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Fig.4 Expansionshockincidentupona@, = 30deg wedge; M; = 1.05,
TD2 conditions.

Transient Flows

Figures2-7 show cases for transientflowfields. The incidentwave
is started to the left of the obstacle and propagates to the right.
Figure 2 shows the density field for a compression shock computed
using the perfect gas model with the TP1 conditions. The shock is
incidenton a compressive wedge of angle 6,, = 30 deg with a shock
wave Mach number M; =1.23. As predicted by theory, the wave
field configuration is a single Mach reflection. The Mach stem and
reflected shock are well resolved. Because the shock is weak, the
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Fig.5 Perfect gasshock diffracting over a backward-facing step; M; =
3.2, TP2 conditions.
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Fig. 6 Dense gas compression shock diffracting over a backward-
facing step; M; =1.23, TD3 conditions.
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Fig.7 Dense gas expansion shock diffracting over a backward-facing
step; My =1.05, TD2 conditions.
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Fig.8 Perfect gasattached oblique compressionshock; M., =3.0,0,, =
20 deg, SP1 conditions.

slipstream is not distinguishable in the density plot. (Ben-Dor? is
an excellent source for the theory of classical shock reflections).

A compression fan for the TD1 case on a 6, = 30 deg compres-
sive wedge is shown in Fig. 3. Although the wave starts to the
left of the wedge as a discontinuity, the compression spreads while
propagating to the right because the conditions both upstream and
downstream of the wave lie in the I' < 0 thermodynamic region.
The wave spreads because the speed of sound decreases through the
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Fig.9 Dense gas expansion shock-fan; M., =1.1, 6,, =— 20 deg, SD1
conditions.
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Fig.10 Perfect gas wave field for a compressive ramp; M, = 2.0, 6, =
20 deg, SP1 conditions.
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Fig. 11 Dense gas wave field for an expansive ramp; M, = 2.0,6, =
— 25 deg, SD1 conditions.

wave, which is counter to that of a compression shock. The reflected
wave, however, consists of a composite fan-shock wave. Here the
gas is compressed out of the I' < 0 region, evidentby the I' > 0 re-
gion below the white I' =0 contour line. This allows the formation
of the compression shock.

Figure 4 shows an expansion shock incident upon a 8,, =30 deg
wedge for the TD2 conditions. As the shock propagatesto the right
at M; = 1.05 into the high-density quiescent gas, the fluid travels to
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Fig. 12 Steady flow over a circular arc for a perfect gas; M, =3.0,
SP1 conditions.
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Fig.13 Steady flow over a circular arc for a dense gas; M., =2.0,SD2
conditions.

¥

Fig. 14 Forward-facing step for a perfect gas; M., =3.0, SP1 condi-
tions.
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Fig.15 Forward-facing step for dense gas; M., =1.5, SD2 conditions.

the left upon expandingthroughthe shock so thatthe leftboundaryis
an outflow boundary. The gas near the wedge at x = 0.9 is expanded
to a lower density than that farther above the wedge. The gas near
the wedge is then recompressed through a compression shock at
x = 0.85 that emanates from the surface and becomes continuously
weaker above the ramp. As expected, the compression shock lies
within the I" > O region generated by the reflection of the expansion
shock on the wedge.

Density and velocity fields for moving shock waves refracting
over a backward-facing step are shown in Figs. 5-7. A perfect gas
compression shock with TP2 conditions and M; =3.2 is shown in
Fig. 5. As the incident shock curves around the step, an expansion
fan forms at the corner. The postshock Mach number is supersonic
so that no disturbances propagate upstream. Also, an embedded
compression forms to the right of the step at x =1.2, y = 0.4. This
complicated wave field closely matches experimental observations,
e.g., Ref. 27.

Case TD3 (Fig. 6) displays a dense gas compression shock with
M; =1.23 and I" < 0 behind the shock. An expansion shock is at-
tached to the corner of the step rather than the expansionfan seen in
the perfect gas case of Fig. 5. The I' =0 contour indicates that the
gas is expanded into the I' > 0 region. An expansion shock wave
with M; = 1.05 for the TD2 case is shown in Fig. 7. As the shock
curves around the step, it spreads into a fan. The only I > 0 region
occurs just downstream (note the flow is right to left over the step)
of the step at x =0.95.

Steady Flows

Steady, perfect gas and dense gas flowfields are compared in
Figs. 8-15. Conditions for all perfect gas cases correspond to SP1.
An oblique compression shock attached to a compressive wedge of
0,, =20 deg with a freestream Mach number M, = 3.0 for a perfect
gas is shown in Fig. 8. The density ratio downstream of the shock
P/ Pso = 2.26 matches that predicted by theory, e.g., Ref. 28, with
an absolute error on the order of 1073,

The freestream condition for dense gas case SD1 in Fig. 9 lies
in the I" < O region. The wedge is expansive with 6,, = —20 deg.
A supersonic flow for a perfect gas over this geometry results in
a Prandtl-Meyer expansion fan centered at the corner. The isopyc-
nics in Fig. 9, however, depictan expansionshock-fan combination
centered on the corner. The flow is expanded into the I" > 0 re-
gion through the shock and continues to expand through the fan.
The expansion shock reflects from the upper boundary as a fan and
intersects the fan from the lower boundary. Note that the velocity
vectors turn away from the shock, which is the opposite of what
occurs with an oblique compression shock.

A centered compression fan focusing into a compression shock
for a perfect gas is shown in Fig. 10. The wave field agrees with
the analytical solution derived by Emanuel?® The contour of the
compressiveramp is calculatedfor M, =2.0, y = 1.4, a focal point
of y=0.5, and a terminal ramp angle of 8, =20 deg. The fan and
primary shock wave intersect at the focal point with a slipstream
and a weak secondary oblique shock.

A dense gas flow over an expansive ramp of 6, = —25 deg is
showninFig. 11. The freestreamMach numberis M, =2.0 with the
SD1 conditionssuchthat I" < Oin the freestream. As anticipated, the
expansion fan convergesaway from the lower boundary as indicated
by the isopycnics. Once the flow is expanded into the I' > 0 region,
the fan spreads. The focal point at which the fan converges into
an expansion shock lies outside the computational domain. Note
that the rate of convergence of the isopycnics is greatest in the
region between the two dotted-white I' < 0 contours where I goes
through a minimum. However, just upstream of the I' = 0 contour
the isopycnics converge much more slowly, indicating the influence
of the value of I" on the rate at which waves spread or converge.

Steady flows over circular arcs are shown in Figs. 12 and 13.
For the perfect gas case with M, =3.0 in Fig. 12, the shock is at-
tached to the leading edge of the arc. Flow behind the leading-edge
shock expands through a fan over the top of the arc before encoun-
tering a secondary shock at the trailing edge of the arc. The SD2
conditions with M, = 2.0 resultin a detached bow shock upstream
of the arc that compresses the flow into the I' > 0 region shown
in Fig. 13. The expansion fan converges into an expansion shock,
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which expands the flow completely through the I < 0 region as ev-
ident by the I' =0 contours. This phenomenon is consistent with
the theory of Thompson and Lambrakis,' which predicts expansion
shock formation where Mach lines converge with decreasing pres-
sure and I' < 0. The wave at the trailing edge of the arc is shown
to consist of a shock-fan composite wave because a portion of the
compression across the wave occurs in the I' < 0 region.

The wave field with a forward-facing step for a perfect gas with
M, =3.01is shown in Fig. 14. The detached bow shock terminates
into a Mach reflection at the upper boundary, indicating a small
region of subsonic flow behind the Mach stem. The reflected oblique
shock exits at the outflow boundary. Also present is an expansion
fan centered at the corner of the step.

Figure 15 shows the dense gas wave field for case SD2 with
the same step as that of Fig. 14. The freestream Mach number is
My =1.5, and I" <0 in the freestream. Similar to the perfect gas
case, a detached bow shock terminates into a Mach reflection at
the upper boundary, compressing the flow into the I > 0 region.
The wave centered on the corner of the step takes the form of an
expansion fan-shock. As indicated by the double I' = 0 contourem-
anating from the corner, the expansion shock completely expands
the flow through the I" < 0 region. Also interesting is that the re-
flected oblique compression shock spreads into a compression fan
in the I" < O region downstream of the expansion shock.

Summary and Conclusions

Two-dimensional wave fields are simulated for an inviscid van
der Waals gas representative of heavy fluorocarbons with high spe-
cific heats and conditions near the thermodynamiccritical point. For
selected geometries, the dense gas flowfields are compared with sim-
ulations of well-known perfect gas flowfields. The wave structures
for shock reflections and refractions in the dense gas regime are
found to be significantly different from those of perfect gas flows
over similar geometries, for both transient and steady state. Wave
structures are consistent with the inviscid theory with respect to the
sign of the fundamentalderivative,i.e., expansionfans convergeinto
shocks and compression shocks spread into fans in regions where
I' <0.

Because the I' < O region is restricted to a finite range of temper-
atures and pressures, flowfields containing regions of mixed non-
linearity result in wave configurations that are much more complex
than those with either complete positive or negative nonlinearity.
Regions of mixed nonlinearity often resultin composite waves such
as shock-fan or fan-shock combinations.

Simulations such as those presented here will provide a basis for
an experimental program to verify the existence of nonclassical,
dense gas phenomena. Of course, accurate simulations require a
more advanced gas model than the van der Waals model used in
the present study. For example, turbine cascade simulations using
the Martin-Hou equation of state have been completed. Evidently,
turbomachinary designs will soon appear that take advantage of the
nonclassical, dense gas dynamics of BZT fluids.
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